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Elastic-Plastic Analysis of a Propagating Crack
under Cyclic Loading

J. C. Newman Jr.*
NASA Langley Research Center, Hampton, Va.
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Fatigue cracks have been experimentally shown to close at positive stresses during constant-amplitude load
cycling. The crack-closure phenomenon is caused by residual plastic deformations remaining in the wake of an
advancing crack tip. This paper is concerned with the development and application of a two-dimensional finite-
element analysis to predict crack-closure and crack-opening stresses during specified histories of cyclic loading.
An existing finite-element computer program which accounts for elastic-plastic material behavior under cyclic
loading was modified to account for changing boundary conditions—crack growth and intermittent contact of
crack surfaces. This program was subsequently used to study the crack-closure behavior under constant-
amplitude and simple block-program loading.
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Nomenclature
half length of crack, meters
matrix relating total strains to nodal displace-
ments, meters'1
generalized load vector ( = [P] +{ Q) + {/?}),
Newtons
von Mises yield condition
elastic stiffness matrix, N/m
applied load vector, Newtons
"effective" plastic load vector, Newtons
equilibrium imbalance vector, Newtons
applied gross stress, N/m2

crack-opening stress, N/m2

stabilized crack-opening stress for stress level 5max,
N/m2

maximum applied stress for levely', N/m2

minimum applied stress for level7, N/m2

generalized nodal displacements, meters
displacements in x and y direction, respectively,
meters
plate width, meters
coordinate system
crack-growth increment, meters
incremental number of cycles
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{AP) = applied load increment, Newtons
{Ae j = total strain increment
Aeall = maximum allowable strain increment
{ A e p } - plastic strain increment
(Aa) = stress increment, N/m2

( e } = total strain components
[ee] = elastic strain components
{ e p } = plastic strain components
(a ) = stress components, N/m2

oyy = normal stress in ̂ -direction, N/m2

Introduction

FATIGUE-c rack p r o p a g a t i o n was , un t i l r ecen t ly ,
assumed to be directly related to the linear elastic-stress-

intensity factor range during cyclic loading. Implicit in this
concept were the assumptions that only the tensile portion of
the load cycle was effective in growing the crack and that
cracks close only at zero load. Elber1'2 has shown ex-
perimentally that fatigue cracks close at positive loads during
constant-amplitude load cycling. He has indicated that
fatigue-crack closure may be a significant factor in causing
the stress-interaction effects on crack-growth rates (retar-
dation or acceleration) under general cyclic loading. He has
also postulated that the crack-closure phenomenon,
associated with a growing crack under cyclic loading, was
caused by residual plastic deformations remaining in the wake
of the advancing crack tip.

The analytical model for an extending crack under cyclic
loading must be able to account for the changing kinematic
boundary conditions associated with crack growth and the in-
termittent contact and separation of the crack surfaces during
a specified load history. These changing boundary conditions
must also be incorporated into the equations that govern the
nonlinear load-deformation behavior of the structure. These
requirements—an extending crack and nonlinear material
behavior—are well suited for the finite-element method.

The steadily growing crack under monotonically increasing
load has previously been treated in Refs. 3 and 4 using the
finite-element method. However, these investigations did not
allow for cyclic loads to be applied and, consequently, the oc-
currence of crack closure.
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Fig. 1 Center-crack panel
subjected to uniform stress.
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Fig. 2 Finite-element idealization of the center-crack panel.

The present paper is concerned with the development and
application of a two-dimensional, nonlinear, finite-element
program (generalized' plane stress) to study fatigue-crack
growth under cyclic loading. An existing finite-element
program5'6 which accounts for nonlinear material behavior
under cyclic loading was modified to account for changing
boundary conditions—crack growth and intermittent contact
of crack surfaces. The modified finite-element program in-
corporated a procedure for the efficient reanalysis of struc-
tures which undergo changes in kinematic boundary con-
ditions or material properties. The reanalysis procedure,
originally presented in Refs. 7 and 8, is a substructuring
technique that allows efficient modification of the structural

stiffness matrix. This procedure has the advantage that the
original stiffness matrix does not have to be reformulated
whenever a crack extends, closes, or separates.

The finite-element program which includes the capability of
accounting for crack growth under cyclic loading was used to
study the crack-growth and crack-closure behavior in a cen-
ter-cracked panel, Fig. 1. The finite-element model of the cen-
ter-crack panel is shown in Fig. 2. The finite-element model
was assumed to be an elastic-perfectly plastic material and
was subjected to either constant-amplitude or simple block-
program loading. (The finite-element program can also han-
dle either linear or nonlinear strain-hardening materials.) In
the analysis, no attempt was made to establish a failure
criterion for crack growth. Crack growth was simulated by
releasing one node during each cycle at the maximum applied
stress. Therefore, the results obtained herein should only be
considered as trends in crack-growth behavior and represents
an initial attempt to analytically determine crack-closure and
crack-opening stresses. For constant-amplitude loading, the
model was subjected to various stress levels and stress ratios
(ratio of minimum to maximum stress). For simple block-
program loading, the panel was subjected to two sequences of
two-level block-program loading. These sequences were either
high-to-low or low-to-high block-program loading. The
crack-closure stresses, crack-opening stresses, displacements,
and residual stress distributions in the crack-tip region were
determined as a function of applied stress.

Finite-Element Analysis

The approach selected here for the elastic-plastic analysis of
a cracked plate, Fig. 1, employed the finite-element method
using the initial-strain concept as described in Refs. 5 and 6.
In this approach, the load-displacement relations are written
to include the effects of initial strains. The plastic strains are
interpreted as initial strains and, together with the con-
stitutive relations for an elastic-plastic material, produce an
effective plastic-load vector. The plastic-load vectors are ap-
plied to any element which has become plastic and maintain
the plastic deformations on that particular elements while the
external loads are applied. For each element the plastic-load
vectors are self-equilibrating. The finite-element model was
composed of constant-strain triangular elements. The gover-
ning matrix equations and the nonlinear constitutive relations
are given in Refs. 5 and 6. The governing equations are only
briefly reviewed here in the context of the modifications
required to treat crack growth and intermittent contact or
separation of crack surfaces.

In general, the matrix equation that governs the response of
a discretized structure under loads which cause plastic defor-
mation can be written as

[K] (1)

where [K] is the conventional elastic stiffness matrix, {«) is
the generalized nodal displacements, [P] is the applied load
vector, ( Q ] is the "effective" plastic load vector, and [R] is
an equilibrium imbalance vector that may exist as a result of
the incremental linearization of the nonlinear equations.9

For small deformations, the total strain components in any
element were decomposed into elastic and plastic strain com-
ponents as

{ € ) = { € , ) + { € , ) (2 )

The plastic strain components were used to compute the
plastic load vector as

iQ}= (3)
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where [K] is the initial-strain matrix for an individual
element. The summation extends over those elements that are
in a plastic state.5'6

Solution Procedure for the Unmodified Structure
For elasto-plastic analyses, it is generally necessary to apply

loads incrementally to satisfy the appropriate yield condition
(von Mises) and flow rule associated with incremental
plasticity.5 The procedure used for a typical load increment is
summarized as follows: 1) Apply load increment {AP) and
determine the nodal displacements { u ] from Eq. (1); initially
{ Q] = [R] = 0; 2) Compute total strains {e) and increments
of total strain {Ae) from the appropriate strain-displacement
relation ([e} = [B] [u}); 3) Compute increments of stress
{Aa} and add to current stress {a) . Check yield condition
for plastic elements; 4) Compute increments of plastic strain
{Aep) from the total strain increments {Ae} for elements in
plastic state; 5) Compute the plastic load vector { Q] and the
equilibrium imbalance vector { R } for elements which are in
the plastic state; 6) Add load increment {AP) to applied load
vector (P) and repeat steps 1-5 until the desired load is
reached. Input new load.

From an incremental analysis, the plastic strains and,
hence, the plastic load vector at load increment / could not be
determined without a prior knowledge of the displacements
after load increment /. Thus, the plastic load vector was com-
puted from the displacements in the preceding increment and,
consequently, was underestimated. Therefore, the
equilibrium imbalance vector [R] was added to the applied
and plastic load vectors to approximately correct for the
errors associated with the incremental linearization of the
nonlinear equations (that is, computing {Q} from
displacements obtained in the preceding increment). The
errors associated with incremental linearization are reduced
by using a sufficiently small load increment. In this paper, the
linearization errors were approximately accounted for, first,
by using relatively small load increments (AP was 5 % of the
load required to yield first element) and, second, by setting

(4)

where {Aep} are the increments of plastic strain computed
from the preceding increment. Thus, the final form of Eq. (1)
was

Equation (1) was partitioned into the form

[K] (5)

where / and / — I are the current and preceding load in-
crements, respectively.

After each load increment, a loading criterion was
monitored to determine whether an element was loading or
unloading. For ideally plastic behavior, if we express the yield
condition as a function of stress /(a), then the condition for
loading and unloading was given by

(Aa j = 0 loading
<0 unloading (6)

The superscript T denotes the matrix transpose. Elements
which are unloading are treated elastically.

Solution Procedure for the Modified Structure
As previously mentioned, the finite-element analysis of a

growing crack under cyclic loading must be able to account
for changing boundary conditions during a specified load
history. A procedure7'8 for modifying a structure by adding
or deleting certain degrees of freedom (changing boundary
conditions) was incorporated into the nonlinear analysis
program. This procedure is briefly described as follows.

K ab
K bb

(7)

where the subscript "a" refers to the unmodified degrees of
freedom and "b" denotes those which are to be modified. The
modified degrees of freedom are either those which were
originally restrained against motion but are now allowed to
displace (crack growth or crack opening) or those which were
originally allowed to displace but are now restrained from
motion (crack closure). Equation (7) was expanded into

[Kaa] [ua

[Kba] [ u a

[Ka

(8)

The solution to Eqs. (8) provided the displacements for the
modified structure. The details associated with determining
the modified displacements are described in the Appendix.
The procedure for modifying part of the stiffness matrix,
[Kab] and [ K b b ] , has the advantage that the unmodified stif-
fness matrix [Kaa] which is generally much larger than the
matrix [ K b b ] , does not have to be reformulated and decom-
posed whenever the crack grows, closes, or separates. Thus, a
solution technique such as the Cholesky decomposition10 of a
symmetric, positive-definite matrix needs to be performed
only once on the stiffness matrix [Kaa]. The incorporation of
this technique into the existing nonlinear finite-element
program for the analysis of membrance stressed structures
provided an efficient tool to analyze cyclic crack growth. Ef-
ficiency was claimed on the basis of reducing the number of
computer operations required to release or close a node (or
nodes). The number of operations required to modify the
stiffness matrix was given by7

M+n(Bnr (n3
r/6) (9)

where M is the operation count, n is the total number of
degrees of freedom of the modified structure, nr is the degrees
of freedom to be modified, and B is the semibandwidth of the
stiffness matrix. The break-even point for this procedure vs a
complete reformulation occurs when nr = 0.15 B. For the stif-
fness matrix considered in this paper nr was approximately
0.1 B. Thus, a considerable savings in computer time was ob-
tained each time a node was released or closed when com-
pared with the operations required for a complete refor-
mulation of the stiffness matrix.

The procedure for treating both nonlinear material
behavior and changing boundary conditions remains un-
changed from that previously presented for the unmodified
structure, except that the flow of operation was interrupted
between steps 1 and 2. All nodal displacements along the
crack line were monitored to determine whether the nodes
were to be released (crack growth), remain open (crack
opening), or remain closed (crack closure). The modified
displacements associated with these decisions were then com-
puted.

To extend the crack, the crack-tip node was arbitrarily
chosen to be released at maximum load and the crack tip ad-
vanced to the next node. No attempt was made to establish a
failure criterion for crack growth. During this process, the
nodal force carried by the crack-tip node was suddenly
released. Equation (6) was monitored to determine which
elements were unloading and which were loading. To insure
that the stresses and total strain increments in the adjacent
elements satisfy the appropriate yield condition and flow rule,
two additional computational procedures were incorporated
to account for the sudden jump in response of the structure.



1020 J.C. NEWMAN JR. AND H. ARMEN JR. AIAA JOURNAL

Yield surface

r A

Fig. 3 Yield surface in
two-dimensional stress
space.

These procedures are 1) a subincrementation technique to ac-
count for large total strain increments developed near the
crack tip, and 2) an iterative scheme to redistribute the force
previously carried by the broken node. A discussion of these
procedures follows.

The flow theories of plasticity generally lead to constitutive
equations relating increments of stress to increments of plastic
strain. Implicit in these relations is the restriction that plastic
deformation must proceed in small increments of stress and
strain. This restriction is illustrated in Fig. 3 for the an — a22
stress space of an elastic-perfectly plastic material. Assuming
that point p represents the state of stress a/, on the yield sur-
face, then the flow rule for an elastic-perfectly plastic material
states that the stress increment Ao^ must be directed along the
tangent to the yield surface. However, large values of Aa,y
(caused by large increments in total strain) such as that shown
in Fig. 3 as Ad-,y results in a final stress state (point A) that is
not acceptable. The subincrementation procedure used here
was based on that presented in Ref. 11, where the largest in-
crement in total strain on any element was divided by a
maximum allowable value, Aeall, to give

™=(Aem a x /Ae a l l) (10)

where Aemax was the largest of the three strain components. If
Aemax was less than Aeall, m was set to unity. The value of m
represents the number of subincrernents used during the
process to release a node. The values of Aeall used here was
based on the following relation

where e0 is the tensile yield strain of the material, AP is the
load increment, and Pys is the load at which initial yielding
begins at some point in the structure. The subincrementation
procedure maintains an acceptable stress state (i.e., on the
yield surface) such as A' in Fig. 3.

The second inaccuracy associated with crack extension was
in determining the stabilized plastic load vector in Eq. (5).
Assuming that the / th increment represents the point at which
the crack grows, then the plastic load vectors computed from
the displacements in the preceding increment are not an ac-
curate representation of the plastic state after the crack grows.
Consequently, an iterative procedure was introduced to deter-
mine the corresponding states of plastic strain and
displacement. This procedure is illustrated for load increment
/ in the following equation

[K] (12)

where the subscript represents the 7th iteration. The iterative
process was repeated until there was less than 19/o change in
the displacements between any two iterative steps. The
iterative process required between 5 and 15 iterations to
stabilize the plastic load vector. During the iterative process
the applied vector (P) ' was held constant at maximum load
and the equilibrium imbalance vector { R } was set to zero.

Application of the Finite-Element Analysis
to Cyclic Crack Growth

Elber,2 on the basis of fatigue crack-closure experiments
under constant-amplitude loading on 2024-T3 aluminum alloy
materials, proposed the following equation for fatigue crack
propagation rates

(13)

where c,n are material constants and AA^eff was the effective
stress-intensity factor range. He proposed that the effective
stress-intensity range be calculated by

(14)

where 5max was the maximum stress, S0 was the crack-
opening stress, and a. was a boundary-correction factor.
Thus, the crack was assumed to propagate only during that
portion of the load cycle for which it was fully open.
Therefore under both constant- and variable-amplitude
loading, the crack-closure and crack-opening stresses may be
significant factors in the crack-growth mechanism.

The modified finite-element program was used to study the
crack-growth and crack-closure behavior in a model of the
center-cracked panel. The finite-element idealization and the
coordinate system used for the center-cracked panel are
shown in Fig. 2. The initial crack half length a0 was 27.3 mm
and the total panel width was 460 mm. The initial crack tip
was located at node A (see Fig. 2). The elastic-stress con-
centration (ratio of oyy in the highest stressed crack-tip
element to the applied stress) for this idealization was 7.2. The
panel material was assumed to be elastic-perfectly plastic,
with a tensile (and compressive) yield stress equal to 550
MN/m2 and a modulus of elasticity of 72,300 MN/m2. These
properties simulated a high-strength aluminum alloy material.

The following sections give the results of applying the
finite-element program to an extending crack under cyclic
loading. The center-cracked panel was subjected to either con-
stant-amplitude or simple block-program loading. In this
paper, no attempt has been made to establish a failure
criterion for crack growth. For any cyclic loading, the crack-
tip node (A, B..., F in Fig. 2) was arbitrarily chosen to be
released at maximum applied stress regardless of the
magnitude of the applied stress and of any prior stress history.
Thus, the model provides no direct information on the
amount of crack growth per cycle; this information must be
obtained from Eq. (13). Instead, the analysis provides only
the crack-opening stress S0 to be used in Eq. (14). Of course,
the accuracy of the calculated crack-opening stress would be
affected by the finite-element grid size chosen to model the
crack tip. A finer element mesh, than that used here, would
give more accurate results for S0 and would also give crack-
growth increments per cycle in closer agreement with ex-
perimental results. Therefore, the results on crack-closure and
crack-opening stresses, presented here, should only be con-
sidered as trends and represents an initial attempt to
analytically determine crack-closure effects. Further studies
are planned to investigate the crack-closure effects using
element-mesh sizes an order of magnitude smaller than that
used here.

Crack Growth Under Constant-Amplitude Loading

Stress Level
The constant-amplitude loading applied to the center-crack

panel is shown in Fig. 4. The maximum stress was 170 MN/
m2. As the cyclic stresses were applied, the crack initially
opened at an infinitesimal stress, and x indicates the point at
which the highest stressed crack-tip element initially yields. At
maximum stress, node A was allowed to displace (crack
growth) and the crack tip advanced to node B. During
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unloading, node A was found to close at a positive stress
(solid symbol) and was constrained against further motion.
When the panel was reloaded, node A opened (open symbol)
at approximately the same stress at which it had previously
closed. Again, upon reaching the maximum stress, another
node B was allowed to displace. During unloading, node B
closed at a slightly higher stress than had occurred at node A
on the previous cycle. Further cycling indicated ap-
proximately the same closure and opening stresses. The crack-
opening stresses were approximately 30% of the maximum
applied stress.

To investigate the influence of a higher stress level, than
previously presented, on the crack-closure phenomenon, Fig.
5 shows the results of constant-amplitude crack growth with
Smaxl =260 MN/m2. Again, the solid and open symbols in-
dicate crack closure and opening stresses, respectively.
However, in this case, the contact (closure) stresses near node
A (after the first cycle) were so large that the material behind
the crack tip yielded in compression and the subsequent
opening stress was considerably lower than the previous
closure stress. The closure stress remained nearly constant
during further cycling but the opening stress increased after
each cycle. The opening stress converged to the previously
established closure stress which was approximately 45% of
the maximum applied stress. The magnitude of the maximum
applied stress seems to establish the crack-closure stress.
Then, with sufficient number of cycles, the opening stress
seems to converge to the previously established closure stress.

The crack surface displacements for the constant-amplitude
crack growth shown in Fig. 5 for Smaxl=260 MN/m2 are
shown in Fig. 6. The displacements, i>, in they direction are
plotted against the coordinate location. The lower curve
shows the displacements at maximum stress with the crack tip
located at node A (no crack growth had occurred). The other
curves indicate the crack-opening displacements at the
maximum applied stress after each increment of crack
growth. The sharp knee (slightly behind node A) in the
displacement curves indicates the beginning of severe plastic
deformation.

Figure 7 shows the crack-opening displacements as the
panel was unloaded from the maximum applied stress with the
crack tip at node E. The solid curve shows the displacements
at the maximum stress after 4 increments of crack extension.
The dash-dot curve shows the displacements at maximum
stress for which no cyclic crack growth has occurred (crack tip
node E). The shaded region shows the permanent plastic
deformation left behind as the crack tip advanced. It was this
plastic deformation which caused the crack surfaces to close
before the panel was fully unloaded. At a stress of 120
MN/m2, the crack surface at node D closes and was con-
strained against further motion. After further unloading, the
displacements at zero stress show that all previous crack-tip
nodes have closed and the crack surface behind node A has
remained open; The local crack-tip stresses at maximum load
and the residual stresses during unloading are shown in Fig. 8.

300
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MN/m

100

x Initial yielding
• Closure stress
o Opening stress

- — Stabilized opening
stress. SQ1
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200

MN/m
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• Closure stress
o Opening stress
— Stabilized opening-

stress.

Fig. 5 Constant-amplitude crack growth with Smaxl = 260 MN/m2.

1 2 3 4

0.65 mm
(typical)

Fig. 6 Crack surface displacements under constant-amplitude crack
growth with 5maxl = 260 MN/m2.

Residual plastic
deformation

Fig. 4 Constant-amplitude crack growth with Smaxl = 170 MN/m2 .

Fig. 7 Crack surface displacements during unloading after constant-
amplitude crack growth (Smaxl =260 MN/m 2) .

At maximum load, the crack-tip stresses reach a plateau in
front of the crack tip (characteristic of an elastic-perfectly
plastic material). Because the stresses are computed at the cen-
troid of the elements ( — 0 . 3 mm from the crack surface), the
stresses do not immediately drop to zero behind the crack tip.
During further unloading, the contact stresses along the crack
surfaces (near the crack tip) were large enough to cause the
material to yield in compression.

Stress Ratio
The previous cyclic stress history had a stress ratio

(minimum stress to maximum stress) of zero. The next cyclic
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Fig. 8 Local crack tip stress distributions during unloading after
constant-amplitude crack growth (Smaxl = 260 MN/m2) .
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Fig. 9 Constant-amplitude crack growth with 5maxl =260 MN/m2

andSminl =130 MN/m2.
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Fig. 10 High-to-low block-program loading growth with Smaxl = 260
MN/m2 and Smax2 = 170 MN/m2.

MN/m

• Closure stress
o Opening stress

-•— Stabilized opening stress,
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Fig. 11 Low-to-high block-program loading crack growth with
Smaxi =170MN/m2 andSmax2 =260MN/m2 .

stress history (Fig. 9) had a maximum stress of 260 MN/m2

and a minimum stress of 130 MN/m2 (or a stress ratio of 0.5).
Again, nodes A, B, C, and D were released at maximum
stress. But in this case, the crack surfaces never closed. The
solid symbols denote what the closure stress would have been
if the panel had been allowed to unload beyond the minimum
stress. If crack propagation rates are related to the effective
stress-intensity [Eq. (12)], then the crack-growth rates should
be independent of the closure or opening stresses for stress
ratios greater than 0.45 for Smaxl = 260 MN/m2. These results
are consistent with the experimental results obtained by
Katcher12 in which the crack-opening stresses were found to
be lower than the minimum stress for stress ratios greater than
approximately 0.3 for 2219-T851 aluminum alloy material.

Crack Growth Under Simple Block-Program Loading

High-to-Low Block Loading

The high-to-low block-program loading applied to the cen-
ter-crack panel is shown in Fig. 10. The maximum stress
Smaxl (first block) was 260 MN/m2 and 5max2 (second block)
was 170 MN/m2. The crack-closure and crack-opening
stresses for the two cycles of Smaxl were identical to those
previously shown in Fig. 5. Note that the opening and closure
stresses for Smaxl had not yet stabilized. At the maximum
stress Smax2, node C was allowed to displace. During
unloading, node C closed at a stress which was approximately
10% higher than the stabilized opening stress (S01) for 5maxl
(dashed line). When the panel was reloaded, node C opened at
a stress slightly higher than the stress at which it had
previously closed. During further cycling, nodes opened and
closed at about the same stresses that were previously ob-
served. If more than 3 cycles of Smax2 had been applied, the
closure and opening stresses would be expected to decrease as
the crack grows and would be expected to converge to the
dash-dot line (S02, the stabilized opening stress for Smax2) as
the crack grows out of the material yielded by 5maxl. Because
the opening stresses for Smax2 are considerably higher than
S02, the crack-growth rates [computed from Eq. (12)] would
be considerably slower than if the 2 cycles of 5maxl had not
been applied. This behavior has been experimentally observed
and is referred to as crack-growth retardation.

Low-to-High Block Loading
The low-to-high block-program loading applied to the cen-

ter-crack panel is shown in Fig. 11. In contrast to the previous
cyclic history, the first 2 cycles of 5maxl were at 170 MN/m2

and the three cycles of 5max2 were at 260 MN/m2. Again, the
crack closure and opening stress for the 2 cycles of 5maxl were
identical to that shown in Fig. 4. At the first maximum stress
Smax2, node C was released. When the plate was unloaded,
node C closed at a stress which was approximately 45% of the
maximum stress. At zero stress, the material near node C
yielded in compression and the subsequent opening stress was
lower than the previous closure stress. Further cycling showed
that the closure stress remained nearly constant while the
opening stress increased after each cycle. Although only three
cycles of Smax2 were applied, the opening stresses are expected
to converge to the stabilized opening stress (S02) for 5max2
(dashed line) similar to that observed in Fig. 5. Because the
opening stresses for 5max2 are lower than the stabilized
opening stress 502, the crack-growth rates [computed from
Eq. (12)] would be faster than the crack-growth rates com-
puted using the stabilized opening stress S02. This behavior in
crack-growth rates has also been experimentally observed and
is referred to as crack-growth acceleration.13

Conclusions
A two-dimensional (plane stress) finite-element program

which accounts for nonlinear material behavior under cyclic
loading has been modified to account for changing boundary
conditions—crack growth and intermittent contact of crack
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surfaces. The finite-element program also incorporated an ef-
ficient procedure for the reanalysis of structures which un-
dergo changes in boundary conditions. This program was
used to study the cyclic crack-growth and closure behavior in
a center-crack panel. The finite-element model of the panel
was assumed to be an elastic-perfectly plastic material and
was subjected to either constant-amplitude or simple block-
program loading.

Although the failure criterion used in growing the crack was
arbitrary and the crack-growth increments per cycle were very
large compared to experimental results, the calculated crack-
opening stresses under either constant-amplitude or simple
block-program loading were qualitatively consistent with ex-
perimental observations. That is, fatigue cracks open at ap-
proximately 0.3-0.5 of the maximum applied stress. The
crack-opening stresses, when used with Fiber's crack-growth
equation, also gave crack-growth rates which were
qualitatively consistent with experimental observations (retar-
dation or acceleration). Thus, the finite-element analysis of
crack growth which includes the effects of crack closure and
crack opening should give further insight into the fatigue-
crack-growth mechanism. Further studies with finer grid
sizes, than that used here, are needed in order to more ac-
curately determine how crack-opening stresses vary as a func-
tion of stress level, stress ratio (Smin/Smax) and stress history.

Appendix: Determination of Displacements for
the Modified Structure

This section describes the procedure to modify a structure
by the addition or deletion of certain degrees of freedom. Of
course, the modified displacements could be found by a com-
plete reanalysis (including reassembly) using the modified stif-
fness influence coefficients. However, for localized changes,
such as crack growth,or crack closure, complete reanalysis
would be very uneconomical.

Recalling that Eq. (1) was partitioned into the form

were written as

Ka

K ba K bb
(Al)

where the subscript ' V refers to the unmodified degrees of
freedom and "b" to those that are to be modified (i.e., nodes
originally restrained against motion but are not allowed to
displace). Equation (Al) was expanded into

[Kab] ( u b ] = l

[Kb

(A2)

(A3)

Initially the displacements [ u b ] are assumed to be zero and
the solution to Eq. (A2) gives the displacement [ua] for the
unmodified structure as

' {Fa} (A4)

By means of the Cholesky decompositon10 of a symmetric,
positive-definite matrix, the stiffness matric [Kaa] was writ-
ten as

[L} (A5)

where [L] is a lower triangular array, and the superscript T
indicates the matrix transpose. Thus, the inverse of [Kaa] was

[L] (A6)

The Cholesky decomposition of matrix [Kaa] was performed
only once. The displacements { u a } for the modified structure

(Al)

where the change in displacements [dua] was obtained from
Eqs. (A2) and (A4) and was

[M] { u b } (A8)

where [M] = [L] ~l [ K a b ] . The displacements [ u b ] were ob-
tained by solving Eq. (A3) together with Eqs. (A4), (A7), and
(A8) and were given by

(Kbb-MTM] \ub}={Fb] -[Kab] T\aa} (A9)

Solving Eq. (A9) for [ u b ] , the change in the displacements in
the remainder of the structure [dua] was obtained from Eq.
(A8).

This procedure for determining the modified displacements
has the advantage that the complete stiffness matrix [K] does
not have to be reformulated whenever the crack grows, or the
crack surfaces contact or separate. However, the procedure
does involve reformulation of the matrices [Kab] and [Kbb]
which are, generally, chosen to be much smaller than the
matrix [Kaa] . A discussion on the efficiency of this procedure
is comparison to a complete reformation of the stiffness
matrix is given in Ref. 7.
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